Identifying and remediating the preschool quantitative deficits that predict poor school-entry mathematical knowledge has the potential to substantially reduce these risks, and accordingly considerable resources have been devoted to these efforts in recent years. These efforts, however, have been quite diverse, ranging from a focus on domain-general abilities, such as executive functions (Bull, Espy, & Wiebe, 2008; Clark, Sheffield, Wiebe, & Espy, 2012; Clark, Pritchard, & Woodward, 2010) to the acuity of the inherent system for representing nonsymbolic quantities (Libertus, Halberda, & Feigenson, 2011 , 2013 Star, Libertus, & Brannon, 2013) to early symbolic number knowledge, such as children's understanding of the cardinal value of number words (Chu, vanMarle, & Geary, 2015; vanMarle, Chu, Li, & Geary, 2014) .
Each of these studies and many others like them has helped to identify competencies that are potentially foundational to children's school-entry mathematical knowledge. At the same time, the different foci across studies has resulted in a lack of coherence to the overall endeavor, a signal-to-noise ratio that has made it difficult to separate the quantitative knowledge critical to later achievement from less central knowledge. In an attempt to bring some coherence to these efforts, we conducted a broad assessment of potentially foundational domain-general and quantitative abilities identified in previous studies of preschool children and used Bayesian and Symbolic and Non-symbolic Predictors 4 standard statistical methods to determine the combination of competencies that best predicts their mathematics achievement just before entry into kindergarten.
Domain General Abilities
Measures of general intelligence are consistent predictors of academic achievement (Walberg, 1984) , including mathematics (Deary, Strand, Smith, & Fernandes, 2007; Geary, 2011) . Although there is some debate regarding the mechanisms underlying this relation, it is driven at least in part by ease of learning novel symbolic information (Carroll, 1993; Cattell, 1987) , which is highly relevant to academic mathematics; that is, IQ measures index in part ease of symbolic learning (Geary, 2005; .
Working memory is another commonly studied correlate of academic achievement, and the associated measures are consistently found to predict concurrent or prospective mathematics achievement (Bull & Lee, 2014; Friso-van den Bos, van der Ven, Kroesbergen, & van Luit, 2013) . Much of the research is on older children's mathematical competencies and based on Baddeley and Hitch's (1978) working memory model, whereby a central executive orchestrates the manipulation of information represented in phonological and visuospatial short-term memory stores. However, the reliable measurement and differentiation of these subcomponents of working memory and the subcomponents of the central executive, such as updating and inhibition (Miyake et al., 2000) , is difficult in preschool children (Allan & Lonigan, 2011; Garon, Bryson, & Smith, 2008; Wiebe, Espy, & Charak, 2008) . As a result, most studies of preschoolers' working memory capacity use a single overall measure, typically called executive functions in this literature, and performance on these measures is a consistent predictor of later mathematics achievement (Blair & Razza, 2007; Bull et al., 2008; Clark et al., 2010) .
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Measures of reading ability are also consistently correlated with children's concurrent and prospective mathematics achievement, often above and beyond the influence of intelligence and working memory (e.g., Fuchs, Geary, Fuchs, Compton, & Hamlett, 2016; Grimm, 2008) .
The relation may reflect an underlying reliance on language competencies for many aspects of reading and some aspects of mathematics Spelke, 2016) , such as the early learning of number words (below). The relation may also reflect the ease with which children form arbitrary visual-verbal associations (Koponen, Salmi, Eklund, & Aro, 2013) . This would explain the often-found relation between reading skills and memorization of arithmetic facts (e.g., Geary, 1993; Hecht, Torgesen, Wagner, & Rashotte, 2001 ), both of which may reflect the functional integrity of the domain-general hippocampal-dependent memory system (Qin et al., 2014) . Whatever the underlying mechanism, it seemed prudent to include a preliteracy measure in this study.
Early Quantitative Competencies Nonsymbolic
Infants' and young children's core nonsymbolic quantitative competencies emerge from the functioning of the approximate number system (ANS). The ANS is an evolutionarily ancient system for representing and comparing the relative quantity of collections of discrete objects and for performing simple arithmetical operations on these representations (Feigenson, Dehaene, & Spelke, 2004; Gallistel & Gelman, 2000 ; for recent reviews see Geary, Berch, & Mann Koepke, 2015a) . The signature of ANS functioning is that discrimination accuracy depends on the ratio between the two quantities being compared and not their absolute difference. So, discriminating 8 objects from 4 objects (a 2:1 ratio) is easier than discriminating 28 objects from 24 objects (a 1.17 ratio). Acuity of the ANS is inferred based on the smallest ratios people can reliably Symbolic and Non-symbolic Predictors 6 discriminate, and the relation between this acuity and young children's mathematics achievement has been extensively studied (Bonny & Lourenco, 2013; Libertus, Feigenson, & Halberda, 2013; Libertus et al., 2011; Halberda, Mazzocco, & Feigenson, 2008; Mussolin, Nys, & Leybaert, 2012; Star et al., 2013; Wang, Odic, Halberda, & Feigenson, 2016) . Although the results are mixed overall, several recent meta-analyses confirmed a consistent relation between ANS acuity and mathematics achievement in young children, rs ~ .2 to .4 (Chen & Li, 2014; Fazio, Bailey, Thompson, & Siegler, 2014; Schneider et al., 2016) .
The critical question, however, is whether ANS acuity is a pillar for later mathematics achievement once other competencies are controlled, and this issue is vigorously debated (e.g., De Smedt, Noël, Gilmore, & Ansari, 2013; Fuhs & McNeil, 2013; Reeve, Reynolds, Humberstone, & Butterworth, 2012; Rousselle, Palmers, & Noël, 2004; Iuculano, Tang, Hall, & Butterworth, 2008) . Accordingly, we included a standard computer-based measure of ANS acuity . We also included a second measure of children's sensitivity to relative quantity but using actual and desirable objects, based on the assumption that comparing actual collections of objects might be a better measure of ANS acuity -in terms of mapping more transparently to the types of activities that drove the evolution of the ANS -than the standard computer-based measure. This ordinal choice task has been successfully used to assess sensitivity to more versus less with preverbal infants (Feigenson, Carey, & Hauser, 2002; vanMarle, 2013; vanMarle & Wynn, 2011) and with nonhuman primates (vanMarle, Aw, McCrink, & Santos, 2006) .
As noted, the ANS is also thought to embody an intuitive understanding of simple arithmetic, such as knowing that adding objects to a collection results in a larger collection whereas removing objects results in a smaller collection (Barth, La Mont, Lipton, & Spelke, Symbolic and Non-symbolic Predictors 7 2005; McCrink, 2015; Slaughter, Kamppi, & Paynter, 2006) . This intuitive knowledge may guide young children's learning of how to use counting to solve symbolic arithmetic problems (Gelman, 2006) , and their understanding of the relations among numerals; e.g., that '5' is composed of '3 and 2' or '4 and 1' (Moore, vanMarle, & Geary, 2016) . A thorough assessment of potential foundational quantitative knowledge should therefore include a measure of nonverbal calculation abilities (Levine, Huttenlocher, & Jordan, 1992) .
The focus on discrete quantity discriminations or manipulations in all of these studies makes theoretical sense in terms of the core functions of the ANS, but children can also discriminate continuous quantities, such as area (Defever, Reynvoet, & Gebuis, 2013; Lourenco, 2015; Mix, Huttenlocher, & Levine, 2002) . In fact, this approximate magnitude system (AMS) may be the evolutionary precursor to the ANS (Geary, Berch, & Mann Koepke, 2015b) , and there is evidence that acuity of these discriminations may be related to some aspects of mathematical performance above and beyond sensitivity to discrete quantities (Bonny & Lourenco, 2015; Lourenco & Bonny, 2016; Lourenco, Bonny, Fernandez, & Rao, 2012) . To assess this possibility, we included a measure of sensitivity to relative area. The final nonsymbolic measure assessed children's ability to track changes in the quantities of sets of three or fewer objects (vanMarle & Wynn, 2001) , because this ability may be dependent on the object tracking system (OTS) rather than the ANS (Feigenson et al., 2002; vanMarle, 2013) . Although the OTS is not an evolved quantitative system per se, it may contribute to children's initial learning of the cardinal values of the first three number words (Le Corre & Carey, 2007; Mou & vanMarle, 2014; Pylyshyn & Storm, 1988; vanMarle et al., in press ).
Symbolic
Symbolic and Non-symbolic Predictors 8 Young children's symbolic quantitative abilities have been studied for decades and are well understood (Fuson, 1988; Geary, 1994; Gelman & Gallistel, 1978; Le Corre & Carey, 2007; Sarnecka & Carey, 2008; Siegler & Robinson, 1982; Wynn, 1990) , but surprisingly only a handful of these studies have attempted to forge a link between these abilities and children's later mathematics achievement (Chu et al., 2015; Kolkman, Kroesbergen, & Leseman, 2013; Mussolin et al., 2012; vanMarle et al., 2014) ; the majority of such studies have focused on kindergarten or older children (Aunola, Leskinen, Lerkkanen, & Nurmi, 2004; Jordan, Kaplan, Ramineni, & Locuniak, 2009; Locuniak & Jordan, 2008) .
Number words are young children's first symbolic quantitative knowledge, including the memorization of the standard count list, 'one, two, three…", and an understanding that the sequence of number words can be used to enumerate collections of items; that is, number words are applied in sequence as items are counted (Fuson, 1988; Gelman & Gallistel, 1978) . However, the recitation of number words, even during enumeration tasks, does not necessarily indicate that children know the quantities these words represent; that is their cardinal values. In fact, coming to understand the cardinal values of the words in their count list is a protracted process, but once achieved represents children's first explicit understanding of a formal mathematical concept (Carey, 2004; Le Corre & Carey, 2007; Wynn, 1992) . The give-a-number task can be used to illustrate children's progression to this insight (Wynn, 1992) . Children are asked to provide x number of objects from a pile of objects. One-knowers provide one object when asked to do so but random numbers of objects for other number words. Similarly, two-to four-knowers learn the relation between the associated number words and quantity, but do not generalize cardinality to larger counting words (Le Corre & Carey, 2007) . Children who score above this generalize to all number words and are considered cardinal-principle (CP) knowers.
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Accordingly, a broad assessment of early symbolic quantitative abilities must, at the very least, include children's knowledge of the standard count list (verbal counting), their use of this list in a counting context (enumeration), and their understanding of the cardinal value of number words (give-a-number, point-to-x). During this time, many children are also learning to associate number words with the corresponding Arabic numerals (Siegler & Robinson, 1982) , and thus we also included a numeral recognition measure.
Current Study
The children participating in this study were enrolled in Title 1 preschool, a federally funded two-year program for three-to five-year-old children at risk for school failure. We focused on the relation between their just described nonsymbolic and symbolic quantitative competencies assessed during the first semester of the program; their domain-general abilities assessed mid-year; and, their standardized mathematics achievement at the end of the second year of preschool. The combination resulted in a unique study with both practical and theoretical implications. Identifying the most critical early quantitative abilities that predict at risk children's later mathematics achievement has clear implications for the design of preschool school interventions. Theoretically, the results address current and often acrimonious debate regarding which early quantitative abilities form the foundation for children's long-term mathematical development by discriminating central from less central early quantitative competencies.
Method Participants
Two hundred and thirty-two children were recruited from the Title I preschool program within the public school system in Columbia, MO. Fourteen children were excluded from the analyses due to low IQ scores (IQ<70), and another 21 children were excluded because they did not complete the majority of tasks (e.g., due to inattention or moving out of district). The final Symbolic and Non-symbolic Predictors 10 sample included 197 (94 boys) children of average intelligence (M = 97, SD = 15) and average mathematics achievement (M = 95, SD = 14) at the end of preschool. The children were on average 3 years and 10 months of age (range 3y2m to 4y4m) at the time of the first assessment and 5 years and 4 months of age (range 4y9m to 5y10m) when the mathematics achievement test was administered.
Demographic information was obtained through parent survey for a subset (n=157) of the sample. The ethnic composition was 85% non-Hispanic, 10% Hispanic/Latino, and the remaining unknown. The racial composition was 55% White, 24% Black, 8% Asian, and 13% more than one race. The self-reported total household income was: $0-$25k (38%), $25k -$50k (23%), $50k-$75k (23%), $75k-$100k (12%), $100k-$150k (3%), $150k or more (<1%). Fortytwo percent of respondents reported receiving food stamps, and 9% reported receiving housing assistance. Mother's education and father's education were highly correlated (r = .67, p<.001), and thus these variables were collapsed into parental education categories based on the highest attainment of the two parents (no information; high school degree or less; at least a college degree). Forty-five percent of the children had at least one parent with a high school degree or less and 35% had a parent with at least a college degree; the educational attainment of the remaining parents was unknown. To control for parental education, we created a three-class variable (college, high school, no information) that contrasted the mathematics achievement of children from college households to children in high school households and to children in households in which parents did not report educational level.
Quantitative tasks
The symbolic tasks required the recitation, recognition, or understanding of number words or Arabic numerals; specifically, enumeration (ability to apply the count list during the act Symbolic and Non-symbolic Predictors 11 of counting), verbal counting (memorization of standard count list), give-a-number (knowledge of the cardinal value of number words), numeral recognition (ability to verbally name numerals) and point-to-x (knowledge of the cardinal value of number words, and the ability to discriminate one quantity from another). The nonsymbolic tasks involved the discrimination or manipulation of quantitative information but could be done without the use of number words; specifically, ordinal comparison (ability to track and determine the set size of collections of discrete quantities), discrete quantity discrimination (a measure of ANS acuity), continuous quantity discrimination (a measure of AMS acuity), magic box (tracking small quantity manipulations within the limits of the OTS), and nonverbal calculation (implicit understanding of simple addition and subtraction).
Symbolic. For the enumeration task, children were shown an array of 20 stickers and asked to count them, pointing to each one. The score was the highest number counted before committing an error. The verbal counting task involved the child reciting the count list, starting from "one" and counting as high as they could without an error, or until they reached 100. In the give-a-number task (Wynn, 1990) , children were asked to give the experimenter exactly 1, 2, 3, 4, 5, and 6 objects from a pile. Children began at set size 1 and advanced to the next set size after a correct response; if they were incorrect, they went down one set size. The highest number of objects they correctly gave the experimenter on at least 2 of 3 attempts was taken as the highest set size for which the child understood cardinality (LeCorre & Carey, 2007) . For the numeral recognition task, children were shown the Arabic numerals 1 to 15 oneat-a-time and in a random order. Children were asked to name each one, and the score was the total number of numerals correctly named. The point-to-x (Wynn, 1990) task required children to "point to the picture that has x objects". Children received two blocks of 6 trials with ratios Symbolic and Non-symbolic Predictors 12 ranging from .5 to .67 (1v2, 5v10, 2v3, 6v9, 4v7, and 5v8), with both exclusively large and small sets represented. On each trial, children saw two sets of pictured objects on a laptop display (one on the left and one on the right). The smaller number was the target on half of the trials, and the side on which the smaller set was displayed was counterbalanced across trials. Because the comparisons varied in difficulty, we generated a single score that was weighted for the difficulty of the comparison. The score was determined by multiplying each trial's score (incorrect=0 or correct =1) by the ratio of the comparison (e.g. 5v10=.5). Products were summed across trials to produce a single score weighted for the difficulty of the comparison (maximum score = 3.535), and the outcome was the percentage of the maximum score.
Nonsymbolic. During the ordinal choice task, children watched an experimenter sequentially hide two different numbers of objects (e.g., small toy fish) in two opaque cups; items were dropped into the cups one at a time. The children were then asked to pick the cup that contained more objects. There were 6 different comparisons (1v2, 2v3, 3v4, 4v5, 5v6, and 6v7).
In order to successfully identify the larger quantity, children had to mentally sum the items in each set and then mentally compare the two sets. Because the comparisons varied in difficulty (i.e., ratios varied from .5 to .86), we generated a single score that was weighted for the difficulty of the comparison. This was done by first multiplying each trial's score (incorrect=0, correct=1) by the ratio of the comparison (e.g. 2v3=.67) and then summing the products across trials (maximum score = 4.41); the outcome was the percentage of the maximum score.
The discrete quantity discrimination task assessed the precision with which children represent discrete quantities of objects, and is a commonly used measure of ANS acuity. Using the Panamath program , the first group of children (n = 70) we assessed received 24 test trials on a laptop computer; based on results for this group, we added 6 relatively Symbolic and Non-symbolic Predictors 13 easy trials for the remaining children. Each trial contained two sets of dots (blue and yellow); each set was contained within a rectangle, and children identified which set "had more dots".
The color and side of the larger set was counterbalanced across trials. All dot arrays consisted of 5 to 21 dots and were displayed for only 2533 ms in order to discourage verbal counting. Ratios of blue:yellow dots were randomly selected for each trial and varied between 1.29 and 3.38; the ratio for the six added items ranged between 3.5 and 4.0. The ratios used were based on empirical findings and are standard for 3-year-olds . We used accuracy (percent correct) as the outcome measure, because for children this is more reliable than the Weber fraction obtained from this task (Inglis & Gilmore, 2014) . For ½ of the items, total surface area was controlled across the two sets of dots, and there was no difference in accuracy across trials with and without control of surface area; M = 67% (SD = 20) for items without this control, and M = 67% (SD = 19) for items with the control, p = .599. Because the ratio of dots for each trial was drawn randomly from binned ranges, individual children did not experience the exact same ratios, making it inappropriate to directly compare weighted scores.
Indeed, when we computed weighted percent maximum scores, we found they were very highly correlated with percent correct scores (r 180 = .99, p < .0001), thus we chose to use the standard percent correct as our dependent measure.
The continuous quantity discrimination task was conceptually similar, but children were asked to discriminate a continuous quantity, surface area. Children were presented with 24 test trials; in each trial, they were presented with a rectangle made of a blue and red proportion (4 trials at each of 6 red:blue ratios -1:4, 1:3, 1:2, 2:3, 3:4, and 4:5). For each trial, children reported whether there was "more red" or "more blue" in the picture. As with discrete quantity discrimination, we used accuracy as the outcome measure.
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The magic box task (vanMarle & Wynn, 2001 ) is a variant of Starkey's (1992) searchbox task and was designed to assess children's implicit understanding of addition and subtraction. Children were first introduced to a puppet that they were told would sometimes perform a magic trick on items hidden in a box. Unbeknownst to the child, a false floor inside the box could be manipulated to create the illusion that an object had appeared or disappeared when the lid was closed. On each trial, the child watched an experimenter hide 0, 1, or 2 objects in the box. The experimenter then added or removed an object from the hidden set as the child watched. Children were not allowed to see the resulting set. The lid was closed and then opened to reveal either the correct result of the operation, or the incorrect result. There were 8 trials in this task, with a correct and an incorrect result for each of four problems: 0+1=1 or 0, 1+1=2 or 1, 1-1=0 or 1, 2-1=1 or 2. When the result was revealed, children were asked whether the puppet had done a magic trick. In order to correctly identify the incorrect outcomes as magical and the correct outcomes as not magical, the child needed to understand the effects of addition or subtraction of an object on set size. This task only required children to detect whether the operation was correct or incorrect, and did not require them to predict the exact result of the operation. Percent correct was the outcome measure. For the nonverbal calculation task children were shown addition or subtraction of one or more discs from a hidden set of discs and then asked to predict the exact numerical result (Levine et al., 1992) . Children watched an experimenter place a number of plastic discs in a line; the experimenter then covered the disks with a plate and added or removed some from under the plate. Children were asked to create a set of discs equal in number to the hidden set, but could also report the answer verbally. After four familiarization trials in which the children simply Symbolic and Non-symbolic Predictors 15 matched a hidden set, there were 12 test trials, presented in random order: 3-1, 2+2, 4-2, 1+3, 4-1 4+1, 3+2, 1+4, 5-2, 5-3, 2+4, and 6-4. Percent correct was the outcome measure.
Cognitive and Achievement Measures
Intelligence. The children completed the Receptive Vocabulary, Block Design, and Information subscales of the Wechsler Preschool and Primary Scale of Intelligence -III (Wechsler, 2002) . Following standard procedures, scores were scaled and prorated to generate an estimate of Full Scale IQ (FSIQ), as reported above. As a contrast to FSIQ, the Block Design subscale was used as a measure of nonverbal IQ and the mean of the Receptive Vocabulary and Information subscales as a measure of verbal IQ; the national means are 10 for these subscales (SD = 3). Preliminary analyses revealed that nonverbal IQ and verbal IQ had different patterns of relations to later mathematics achievement (Results) and thus these separate measures were used in the analyses rather than FSIQ; the estimated reliability of the subscale scores ranges from .89 to .94; .96 for FSIQ.
Executive functions. Executive functions were assessed using the Conflict EF scale developed for children from 2 to 6 years of age (Beck, Schaefer, Pang, & Carlson, 2011) . This scale consists of 6 levels; the first four included 2 subsections (5 trials each), while Levels 5, 6A, and 6B included 10 trials each. All children began on Level 2 following age-based procedures.
The Conflict EF scale consisted of a card-sorting task. Children were presented with two black plastic index card boxes with slots cut into the top of each; each box had a target card affixed to the front. Children were given a rule and asked to place a card in the appropriate box.
Each level consisted of normal sorting trials, followed by conflict trials. For example, children placed the card in the corresponding box depending on whether the card was a "big kitty" or a "little kitty"; in conflict trials, children were asked to switch the rule, i.e., a "big kitty" would go Symbolic and Non-symbolic Predictors 16 in the "little kitty" box. In subsequent levels, children sorted the cards depending on shape or color of the card (again, the rule was reversed to create a conflict trial). More advanced levels required children to sort cards according to either shape or color depending on whether a black border was present or absent on the card. In order to move on to the next level, children had to complete four out of five trials correctly; in levels with ten trials, children had to complete four shape trials and 4 color trials correctly in order to proceed to the next level. The score was the total number of correct conflict trials (maximum score = 70). Beck et al. (2011) Upper-Case Alphabet Recognition, was administered. This task was chosen because it is a reliable indicator of later reading ability (Blatchford, Burke, Farquhar, Plewis, & Tizard, 1987) .
Children were presented with capital letters in the alphabet (a few at a time) and asked to identify each letter. The score was the total number of letters correctly identified. Ability-3 (TEMA-3; Ginsburg & Baroody, 2003) was used to assess end of preschool mathematics achievement. This test is a nationally normed (M=100, SD=15) measure of young children's mathematical competencies, and includes items such as producing finger displays to represent different quantities, counting, making numerical comparisons, and some arithmetic and number line items.
Mathematics achievement. The Test of Early Mathematical
All children started on the first item of the test and continued until they failed five consecutive items. Reliabilities based on internal consistency are >.92 and alternate form and test-retest reliabilities are > .80.
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Overlap of some of the TEMA-3 items with the quantitative tasks creates a potential confound, that is, the relation between early quantitative performance and later mathematics achievement could be due to item similarity. To examine this, we compared the content of the mean number of items (n = 19, SD = 8) passed on the TEMA-3 (Form B) to the four quantitative tasks that emerged as predictors of later achievement (below), give-a-number, verbal counting, ordinal comparison, and numeral recognition. In the first 19 TEMA-3 items, there are six that overlap with these tasks, and seven that overlap the first 27 items. Although there is some overlap, performance on the TEMA-3 provides a broader assessment of mathematics achievement than provided by these four quantitative tasks.
Procedure
The quantitative, intelligence, executive function, and preliteracy measures were assessed across three ~35 min testing sessions during the first semester and early second semester of the first year of preschool year (see vanMarle et al., 2014). The TEMA-3 was administered at the end of the second year of preschool.
Analyses
The 6.6% of missing data were estimated using the multiple imputations procedure of SAS (2004) . With the exception of sex and parental education, all variables were standardized (M = 0, SD = 1). We used Bayes factors and standard regression techniques to make decisions about the best domain general and quantitative predictors of end of preschool mathematics achievement (Dienes, 2014; Gallistel, 2009; Raftery, 1995; Rouder & Morey, 2011; 2012; Rouder, Speckman, Sun, Morey, & Iverson, 2009; Wagenmakers, 2007) . The Bayes factors were computed for regression models (Liang, Paulo, Molina, Clyde, & Berger, 2008; Rouder & Morey, 2012) using the BayesFactor package (version 0.9.12-2) for R (Morey & Rouder, 2015) . We elected to include a step that combined the symbolic and nonsymbolic measures to account for potentially high collinearity between them, but the final model (below) is the same whether or not we include this step. The sequence of analyses allowed us to first identify the most important predictors among a conceptually similar set of predictors before proceeding to the final analyses.
Generally, ratios less than .33 are considered suggestive evidence for the importance of the variable and those less than .10 are considered strong evidence (Jeffreys, 1961; Raftery, Symbolic and Non-symbolic Predictors 19 1995) . Or stated differently, models that are less than 33% as probable without the variable provide evidence for retaining it in the model, and models that are less than 10% as probable provide strong evidence for retaining the variable. In addition to readily interpretable evidence for or against the inclusion of a variable, Bayes factors are more robust than standard linear regression in the selection of models that contain collinear predictors, as with our variables (see Table 1 ). The Bayes factor is higher when one of two highly correlated variables are included in relation to models containing both or none, providing the ability to compare the relative contribution of the predictors to the outcome measure (as odds ratios). In selecting models, we first compared all possible combinations of the sets of predictors noted above, and identified the best combination of predictors as the initial model. The approach is susceptible to type-I errors, and thus we also tested alternative models in which each predictor in the best model was dropped, one at a time, and the resulting model evaluated in terms of odds ratios. The best set of predictors in the model that included the best domain general and quantitative predictors was then regressed, along with demographic factors, on mathematics achievement using standard regression analyses.
For the Bayes analyses, give-a-number was included as a continuous variable, because of difficulties in modeling knower level within the BayesFactor package. For the regression analyses, five knower-level categories were created (e.g., Le Corre & Carey, 2007; Lee & Sarnecka, 2011) ; due to small ns, pre-knowers (n = 12) were included with one-knowers, and five-knowers (n = 7) were included with four-knowers. In all, there were 39 pre-and oneknowers (hereafter one-knowers), 53 two-knowers, 25 three-knowers, 31 four-and five-knowers (hereafter four-knowers), and 49 CP-knowers.
Results
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Bayes Factors
As shown in the top section of Table 2 , the best Bayes model included all four domain general variables in the prediction of later mathematics achievement. The BDG m0 is very large for this first model and all alternative models, providing strong evidence in support of some combination of domain general predictors relative to the null. As noted, dropping verbal IQ resulted in a model that was 87.39% as probable as the first model, and based on Jeffreys ' (1961) and Raftery's (1995) criteria suggest that verbal IQ does not substantively add to the prediction of mathematics achievement above and beyond the other variables. The remaining models, however, provide strong evidence for the importance of each of the three other variables, and thus these were retained for the final analysis.
As shown in Table 2 , the best set of symbolic predictors of later mathematics achievement included given-a-number, verbal counting, and numeral recognition. Adding enumeration to this set resulted in a model that was 53.58% as probable as the best model (not shown in Table 2 ), and adding point-to-x resulted in a model that was 14.21% as probable, providing positive evidence for excluding these variables; that is, the data are more likely without these variables than with them. Dropping each variable one at a time, resulted in models that were .01% (numeral recognition), .7% (give-a-number) and 6.8% (verbal counting) as probable as the model that included them, thus providing strong evidence for the importance of each of these variables.
The best set of nonsymbolic predictors included ordinal comparison, continuous quantity discrimination, and nonverbal calculation. Adding discrete quantity discrimination to this set resulted in a model that was 51.13% as probable as the best model (not shown in Table 2 ), and adding magic box resulted in a model that was 23.44% as probable, providing positive evidence Symbolic and Non-symbolic Predictors 21 for excluding these variables. Dropping each variable one at a time resulted in models that were < .00001% (nonverbal calculation), 86.61% (continuous quantity discrimination) and 2.25% (ordinal comparison) as probable as the model that included them. The models thus provide strong evidence for retaining nonverbal calculation and ordinal comparison and suggest that continuous quantity discrimination does not substantively add to the prediction of later mathematics achievement, above and beyond these two other variables.
The combined quantitative analyses included give-a-number, verbal counting, numeral recognition, ordinal comparison, and nonverbal calculation, and each of these was included in the best fitting model. As shown in Table 2 , there is strong evidence for retaining each of these variables, except for nonverbal calculation (see MC 5 ). The latter was therefore dropped for the final analysis.
The final (all) models thus included nonverbal IQ, preliteracy, executive functions, givea-number, verbal counting, numeral recognition, and ordinal comparison. The best model included nonverbal IQ, preliteracy, given-a-number, verbal counting, and ordinal comparison.
Adding executive functions to this set resulted in a model that was 15.63% as probable as the best model (not shown in Table 2 ), and adding numeral recognition resulted in a model that was 6.63% as probable, providing positive evidence for excluding these variables. Dropping variables one at a time provided strong evidence for the importance of verbal counting (the data were .72% as probable without this variable), give-a-number (3.37% as probable), and preliteracy (<.00001% as probable), and suggestive evidence for nonverbal IQ (18.93% as probable). In contrast, dropping ordinal comparison resulted in a model was only 50.27% as probable as the model that included this variable. The latter suggests ordinal comparison is not critical to the prediction of later mathematics achievement above and beyond the other variables in the best Symbolic and Non-symbolic Predictors 22 model. Nevertheless, we decided to retain it for the standard regression analyses, because it was the best nonsymbolic quantitative variable to emerge in the final models.
Regression Analyses
The regression results for the demographic factors (age, sex, parental education contrast) and the key variables to emerge in the Bayes factor analyses are shown in the first set of results in (Table A1 ). None of the demographic factors were significant (ps > .05) but all of the domain general and quantitative variables were, consistent with the Bayes factor results. Of these variables, the evidence that emerged from the Bayes analyses was the weakest for ordinal comparison, but the regression results suggest retention of this variable (β = .11, p = .0343). As noted, give-a-number was included as a categorical variable in these analyses and the overall effect was significant, F(4,184) = 2.57, p = .0396. The critical results are the contrasts of CP knowers with children at the various knower levels. These contrasts revealed significantly lower end of preschool mathematics achievement for one knowers (β = -.58, p < .0022) and two knowers (β = -.41, p < .0134) relative to CP knowers, controlling all other variables in the model.
In a post-hoc analysis we substituted numeral recognition for preliteracy in the regression equation; second set of results in Table 3 , R 2 = .52, F(12,184) = 16.38, p<.0001. We did this because of the substantial correlation between these two variables, r = .71, p < .001 (Table 1 ). In fact, these variables showed the highest correlation among all of the predictors used in this study and as a result one or the other would almost certainly be excluded from the same Bayes factor models, meaning the importance of the excluded variable may be underestimated. As can be seen Symbolic and Non-symbolic Predictors 23
in Table 3 , all of basic results from the first regression analysis are the same in this new analysis, and the effect for numerical recognition is highly significant (β = .30, p < .0001).
A second post-hoc analysis assessed whether accuracy on the discrete quantity discrimination and magic box tasks predicted ordinal choice based on the potential contributions of the ANS and OTS to performance on these tasks (Barth et al., 2005; Feigenson et al., 2002; vanMarle, 2013) , controlling age, parental education, preliteracy skills, nonverbal intelligence, and the three-counting related tasks (i.e., give-a-number, verbal counting, enumeration). We conducted this analysis, because the ordinal choice measure included comparisons of both smaller (< 4) and larger (> 3) sets and thus could also engage the OTS for some trials (Feigenson et al., 2002) , and trials of any size might be solved using verbal counting. Accuracy on the discrete quantity discrimination task was the only significant quantitative predictor of ordinal choice performance (β = .22, p = .0043).
Discussion
The current study provides a more comprehensive analysis of the relation between young children's quantitative competencies and their later mathematics achievement than is typical in this literature and sought to identify both the core nonsymbolic and symbolic competencies that contribute to this achievement, controlling demographic factors, as well as domain general abilities and preliteracy skills. We begin with brief consideration of the domain general effects and then move to nonsymbolic and symbolic quantitative competencies, and finally the implications of our results.
Domain General Abilities
We discuss the results related to preliteracy below, and consider here implications for the emergence of nonverbal IQ as an important predictor of early mathematics achievement, and Symbolic and Non-symbolic Predictors 24 why verbal IQ and executive functions did not provided additional predictive utility. The finding for executive functions in particular is surprising given the consistent relation between these measures and young children's concurrent or later mathematics achievement in previous studies (Blair & Razza, 2007; Bull et al., 2008; Clark et al., 2010) . Indeed, executive functions are significantly correlated with later mathematics achievement for our sample (r = .25, p < .001; Table 1 ), but did not emerge in the final set of domain general predictors. Many previous studies did not include simultaneous control of intelligence (Bull et al., 2008; Clark et al., 2010) , and one study that did assessed preschool verbal IQ as a predictor of kindergarten mathematics achievement and concurrent kindergarten nonverbal IQ (Blair & Razza, 2007) . Preschool executive functions but not verbal IQ predicted later mathematics achievement, consistent with our finding that executive functions was more strongly correlated with mathematics achievement than verbal IQ (r = .16, p < .05; Table 1 ). Kindergarten nonverbal IQ predicted concurrent mathematics achievement, but preschool executive functions, specifically inhibitory control as in our study, remained significant.
It is not clear whether the differences are due to the timing of the administration of the nonverbal IQ measure, but the across-study results for young children are consistent with the literature on the mathematical development of older children; specifically, both intelligence and executive functions (or the central executive component of working memory) contribute to ease of learning mathematics, but the relative contributions of one or the other can vary depending on the mathematical content being assessed and students' level of domain specific mathematical knowledge (Geary, 2011; Geary, Nicholas, Li, & Sun, 2016; Lee & Bull, 2016) . These patterns however do not address the question of why nonverbal IQ emerged among our domain general predictors. The measure used here involved determining analogical relations among sets of Symbolic and Non-symbolic Predictors 25 pictures of concrete objects or abstract shapes and thus is a good measure of fluid intelligence (Holyoak, 2012) . The latter in turn is a good predictor of ease of learning evolutionarily novel information (Geary, 2005) , which includes most of symbolic mathematics. The implication here is that the foundations of children's mathematical competence include intelligence, in addition to any contributions of inherent number knowledge, number-related natural language competencies, and early domain-specific symbolic quantitative knowledge.
As noted, preschoolers' verbal IQ in our study and that of Blair and Razza (2007) was not predictive of later mathematics achievement, once other factors were controlled. In older children it is typically the case the both verbal IQ and nonverbal IQ or a composite measure that includes both (e.g. full scale IQ) predicts later mathematics achievement (Deary et al., 2007; Geary, 2011; Siegler et al., 2012) . The reason for the age-related differences in the predictive utility of verbal IQ are unclear, but one possibility is that verbal IQ in older children, as reflected in vocabulary or general knowledge, is a better indicator of their earlier fluid intelligence than it is in younger children. As Cattell argued, " … this year's crystallized ability level is a function of last year's fluid ability level -and last year's interest in school work" (Cattell, 1987, p. 139) . In other words, individual differences in the accumulated knowledge assessed by many verbal IQ tests reflect in part differences in fluid abilities, as measured by our verbal IQ test, but in younger children there has been less opportunity to accumulate the experiences that would eventually result in a correlation between verbal IQ and academic learning; both of which depending in part on fluid intelligence.
Nonsymbolic Quantitative Competencies
As we noted in the introduction, the majority of studies in this area have focused on the relation between the acuity of preschoolers' ANS and their concurrent or later mathematics Symbolic and Non-symbolic Predictors 26 achievement (Bonny & Lourenco, 2013; Libertus et al., 2013; Libertus et al., 2011; Mussolin et al., 2012; Star et al., 2013) . In keeping with other studies, we too found a significant correlation between accuracy on the ANS task (i.e., discrete quantity discrimination) and later achievement (r = .22, p = .0019, Table 1 ), and the magnitude of this correlation was in the range (r ~ .2 to .4) estimated in several recent meta-analyses (Chen & Li, 2014; Fazio et al., 2014; Schneider et al., in press). However, with control of demographic information, domain general measures, and other nonsymbolic quantitative competencies, the relation between this measure of ANS acuity and mathematics achievement was no longer significant.
Although ANS acuity may contribute to some aspects of children's emerging understanding of symbolic mathematics, such as their cardinal knowledge (Chu et al., 2015; vanMarle et al., 2014; vanMarle et al., in press ), our results suggest that it is not broadly related to mathematics achievement. At the same time, we note that a recent study showed that presenting ANS items from easiest to hardest resulted in better performance on a subset of items on the TEMA-3 than presenting them from hardest to easiest (Wang et al., 2016) . Random presentations, as in our study, resulted in intermediate TEMA-3 performance and thus our study might have under-estimated the contributions of the ANS.
In any event, a similar pattern emerged for the continuous quantity discrimination task; that is, it was correlated with mathematics achievement (r = .14, p = .052, contributes to skill development in more specific symbolic quantitative areas, such as ease of learning about geometric shapes, an important part of preschool mathematics programs (e.g., Clements, Sarama, & Liu, 2008; Weiland et al., 2012) . Analogously, as noted, there is some evidence that acuity of the ANS contributes to children's learning of cardinal value (Chu et al., 2015; vanMarle et al., 2014; vanMarle et al., in press) , even if it is not consistently related to overall mathematics achievement, once other factors are controlled.
With control of no other variables, the Bayes analyses of only nonsymbolic measures provided evidence for the importance of ordinal comparison and nonverbal calculation in the prediction of later mathematical achievement, both of which could in theory engage the ANS (Barth et al., 2005; McCrink, 2015; vanMarle, 2013) . However, nonverbal calculation was no longer critical with inclusion of the symbolic variables and ordinal comparison was no longer critical with inclusion of the domain general variables. We nevertheless retained ordinal comparison for the regression analyses, because it was the most important nonsymbolic quantitative variable to emerge from the Bayes analyses, and its significance in the regression analyses suggests a potential nonsymbolic contribution to later mathematics achievement, with control of many other factors. And, our post-hoc analysis revealed discrete quantity discriminations predicted ordinal choice performance, consistent with some level of ANS engagement. This raises the question of why our ANS acuity (i.e., discrete quantity discrimination) measure did not predict later mathematics achievement, controlling other factors.
As mentioned in the introduction, one possibility is that for young children, the use of actual and Symbolic and Non-symbolic Predictors 28 desirable objects might be a better, more ecologically valid assessment of ANS acuity than the computer based dot comparison task, but this remains to be determined. The take away message here is that the search for contributions of the ANS to young children's learning of symbolic mathematics might include a broader assessment of ANS functioning.
Symbolic Quantitative Competencies
Children's performance on each of the five symbolic quantitative measures was significantly correlated with later mathematics achievement (Table 1 ), but only three of thesechildren's memorization of the count list, their recognition of Arabic numerals, and their understanding of the cardinal value of number words (Fuson, 1988; Wynn 1990 ) -emerged as important predictors with simultaneous consideration of all symbolic measures in the Bayes analyses. Each of these variables remained significant with inclusion of the nonsymbolic predictors but numeral recognition was no longer important with control of the domain general predictors, likely due to its high correlation with preliteracy skills (below). These findings speak to the central importance -above and beyond the influence of nonverbal IQ -of children's early learning of number words, and the quantities they represent (Fuson, 1988; Spelke, 2016) , but also that some aspects of this knowledge are more critical early on than other aspects. The finding that children's skill at counting sets of objects (enumeration) did not predict mathematics achievement above and beyond their memorization of the count list and cardinal knowledge suggests the well-documented importance of counting for symbolic mathematics emerges later in development, that is, only after children learn number words and their meaning.
Our results also indicate that 3-to 4-year olds do not have to be CP knowers (Carey, 2004; Le Corre & Carey, 2007; Wynn, 1992) to score well on mathematics achievement tests when they are 5-years-old, but they do need to have taken the first few critical steps toward this Symbolic and Non-symbolic Predictors 29 end. In comparison to CP knowers and with control of other factors, one-knowers (20% of our sample) scored more than ½ of a standard deviation lower and two-knowers (27% of our sample) scored .4 standard deviations lower on the mathematics achievement test just months before entering kindergarten, putting them at heightened risk for longer term difficulties with mathematics (Duncan et al., 2007; Jordan et al., 2009 ). On top of these practical considerations, these results also speak to the importance of research on the mechanisms that support children's learning of cardinality, and this is where nonsymbolic quantitative abilities (i.e., the ANS and OTS), along with children's natural language abilities, may contribute to children's learning of symbolic mathematics (Carey, 2004; Chu et al., 2015; Le Corre & Carey, 2007; Spelke, 2016; vanMarle et al., 2014; vanMarle et al., in press ).
The strong correlation between alphabet recognition (our preliteracy measure) and numeral recognition not only resulted in the exclusion of the latter in our final Bayes analyses; it suggests similar cognitive mechanisms or experiences contribute to individual differences on both measures. As we mentioned in the introduction, both alphabet recognition and numeral recognition could reflect ease of forming visual-verbal associations that contribute to some aspects of symbolic mathematics (e.g., memorizing basic arithmetic facts) and the often found correlation between reading achievement and mathematics achievement (e.g., Fuchs et al., 2016; Koponen et al., 2013) ; ease of associative learning in turn likley reflects, at least in part, the functional integrity of the frontal-hippocampal memory network (Qin et al., 2014) . It might also be that parents who foster alphabet learning also foster numeral learning (LeFevre, Polyzoi, Skwarchuk, Fast, & Sowinski, 2010) in ways not strongly correlated with our parental education contrasts. Whatever the source of the relation, our results suggest that young children's recognition of numerals is a key precursor to later mathematics achievement.
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Implications and Limitations
Our results suggest that preschool assessments and interventions for children at risk for poor long-term outcomes in mathematics should focus first on the children's acquisition of the count list, their understanding of these number words, and their recognition of Arabic numerals.
This might seem like a common sense recommendation that does not need empirical justification, but needs to be considered in the context of typical preschool mathematics curricula that cover a much broader array of skills (e.g., Clements & Sarama, 2007) . We are not advocating that other competencies, such as counting, simple arithmetic, and learning shapes, be dropped from any such curricula, but rather some skills may be more critical and foundational than others, and that these skills should be prioritized, especially for at-risk children.
The implications for improving young children's intuitive, nonsymbolic quantitative competencies are not as clear. There have been several successful interventions targeting adults' skill at making discrete quantity discrimination as related to their symbolic arithmetic skills (Park & Brannon, 2013 , 2014 . And, a recent study suggesting that the ordering of items within ANS tasks may prime young children's performance on symbolic mathematics tasks (Wang et al., 2016) , but it is not clear from our results that improving young children's performance on these types of dot comparison tasks will yield long-term gains across all types of symbolic mathematics once other factors are controlled; the one critical exception, as we noted, appears to be for the initial learning of the cardinal value of number words (Chu et al., 2015; vanMarle et al., in press ). This is not to say that targeting nonsymbolic competencies is not a potentially useful component of early interventions, but that for young children any such targeting might focus on more/less quantity comparisons using collections of real-world attention grabbing objects, as in our ordinal comparison task, rather than more abstracted collections of Symbolic and Non-symbolic Predictors 31 dots. At this time, however, firm conclusions cannot be drawn either way without experimental tests.
Of course, this is the case for all of our conclusions, given the correlational nature of our data, which is the strongest limitation of this study. To address this limitation, we attempted to control most known potential confounds and alternative explanations, but this does not mean that we identified all of them. For instance, we did not assess individual differences in children's spontaneous focus on numerosity during their engagement in non-quantitative tasks (Hannula, Lepola, & Lehtinen, 2010) , given our already extensive array of assessments. Despite these limitations, the study provides a relatively large scale and broad longitudinal assessment that helps to reduce the signal-to-noise ratio in this literature by winnowing a broad range of young children's core nonsymbolic and symbolic quantitative competencies to a few competencies that are most central to their later mathematics achievement. In doing so, we provide straightforward directions for future theoretical and applied research in this area.
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